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GALOIS SETS OF CONNECTED COMPONENTS AND WEIL
RESTRICTION
ALESSANDRA BERTAPELLE AND CRISTIAN D. GONZA´LEZ-AVILE´S
Abstract. Let k be a field, A a finite k-algebra andX a smooth A-scheme. We describe
the Galois set of connected components of the Weil restriction ℜA/k(X) in terms of the
sets of connected components of the geometric fibers of X .
1. Introduction
Let k be a field with fixed algebraic closure k, let ksep be the separable closure of k in
k and set Γ = Autk
(
k
)
= Autk(k
sep). Further, let A be a finite k-algebra and set
(1.1) S =
{
Spech : h ∈ Homk-alg
(
A, k
)}
.
For every A-scheme X and every s ∈ S, we will write Xs = X×SpecA (Spec k, s), where
(Spec k, s) denotes Spec k regarded as an A-scheme via s.
The object of this note is to prove the following statement.
Theorem 1.2. Let X be a smooth A-scheme. Then ℜA/k(X) is a smooth algebraic space
over k which is isomorphic to a scheme over a suitable finite and separable extension of
k. Further, there exists a canonical isomorphism of Γ -sets
pi0
(
ℜA/k(X)
) ∼
→
∏
s∈S
pi0(Xs),
where S is the set (1.1).
2. Preliminaries on Weil restriction
Let f : S ′ → S be a morphism of schemes and letX ′ be a presheaf of sets on the category
(Sch/S ′) of S ′-schemes. Then the direct image presheaf f∗X
′, defined by T 7→ X ′(T×SS
′),
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is a presheaf of sets on (Sch/S ). Further, by [2, §7.6, Lemma 1, p. 191], for every S-scheme
T there exists a canonical bijection (of sets of morphisms of presheaves of sets)
(2.1) HomS (T, f∗X
′ )
∼
→ HomS ′(T×SS
′, X ′ ).
If X ′ is represented by an S ′-scheme (which we will also denote by X ′ ), the presheaf
f∗X
′ will be denoted by ℜS ′/S(X
′). If the latter presheaf is represented by an S-scheme,
denoted by ℜS ′/S(X
′), then we will say that the Weil restriction of X ′ along f exists. If
S = SpecA and S ′ = SpecA′, we will write ℜA′/A for ℜS′/S. We refer the reader to [2,
§7.6] and [3, Appendix A.5] for more information on the Weil restriction functor.
In general, to guarantee the existence of the Weil restriction of an S ′-scheme X ′ along
f , it is necessary to impose appropriate conditions on both f and X ′ [2, §7.6, Theorem 4,
p. 194]. By a minor modification of the proof of [2, §7.6, Theorem 4, p. 194], we obtained
in [1, Corollary 2.16] the following statement.
Proposition 2.2. Let f : S ′ → S be a finite and locally free universal homeomorphism.
Then ℜS ′/S(X
′ ) exists for every S ′-scheme X ′. Further, if U is an arbitrary open covering
of X ′, then {ℜS ′/S(U )}U∈U is an open covering of ℜS ′/S(X
′ ). 
Remark 2.3. Note that the Weil restriction of a non-empty scheme may exist but be the
empty scheme. For example, let A be a local k-algebra with residue field k. Then the
canonical closed immersion Spec k → SpecA induces a closed immersion ℜA/k(Spec k)→
ℜA/k(SpecA) = Spec k [2, §7.6, Proposition 2(ii), p. 192]. Now, by (2.1),
Homk(Spec k,ℜA/k(Spec k)) ≃ HomA(SpecA, Spec k) ≃ HomA-alg(k, A).
Since there exist no A-algebra homomorphisms k → A when k is regarded as an A-algebra
via the canonical projection A→ k, we conclude that ℜA/k(Spec k) = ∅.
As is well-known, in some cases the Weil restriction of a scheme exists only in the larger
category of algebraic spaces. For example:
Lemma 2.4. Let X be a smooth A-scheme. Then ℜA/k(X) is a smooth algebraic space
over k which is isomorphic to a smooth scheme over a suitable finite and separable exten-
sion of k.
Proof. Let k ′ be an algebraic extension of k such that all residue fields of A ′ = A⊗k k
′
are purely inseparable (possibly trivial) extensions of k ′. This is the case, for example,
if k ′ is either ksep or k. Now recall that A′ ≃
∏
m∈M′ A
′
m, where M
′ denotes the set
of maximal ideals of A′ [7, Theorem 4.2(b), p. 33]. Set X ′ = X ×SpecA SpecA
′ and
X ′A′m = X ×SpecA SpecA
′
m ≃ X
′ ×SpecA′ SpecA
′
m. We claim that ℜA′/k′(X
′) exists in the
category of smooth k ′-schemes. Indeed, since SpecA′ ≃
∐
m∈M′ SpecA
′
m, we have
(2.5) ℜA′/k′(X
′) ≃ ℜ∏
m∈M′
A′m/k
′
( ∐
m∈M′
(X ′ ×SpecA′ SpecA
′
m)
)
≃
∏
m∈M′
ℜA′m/k′(X
′
A′m
),
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where the second isomorphism is immediate from (2.1). Since each factor ℜA′m/k′(X
′
A′m
) is
a smooth k ′-scheme by Proposition 2.2 and [2, §7.6, Proposition 5(h), p. 195], our claim
is proved. Now let k′′ be a finite extension of k inside k such that every homomorphism
h in (1.1) factors through k′′. If k ′ is the separable closure of k in k′′, then the preceding
argument applied to k ′ shows that ℜA′/k′(X
′) ≃ ℜA/k(X)×Spec k Spec k
′ is a smooth k ′-
scheme. Further, ℜA′/k′(X
′) is quasi-separated by [6, I, Lemma 2.26, p. 51]. Set Y =
ℜA/k(X), U = ℜA′/k′(X
′), U ′ = U×Spec k Spec k
′ = Y ×Spec k Spec (k
′⊗kk
′). The following
diagram commutes
U
∆U/k′

U ′×U U
′oo
∼
//
Ψ′

(U×Y U)×Spec k Spec k
′ //
Ψ×idSpeck ′

U×Y U
Ψ

U×Spec k′U U
′×Spec k′U
′oo
∼
// (U×Spec kU)×Spec k Spec k
′ // U×Spec kU ,
where ∆U/k′ is the diagonal immersion and the maps Ψ and Ψ
′ are canonical immersions.
Note that the right- and left-hand squares are cartesian by construction and [5, Propo-
sition 1.4.8, p. 36], respectively. Since ∆U/k′ is quasi-compact, so also are Ψ
′ and Ψ by
[5, Propositions 6.1.5, (ii) and (iii), and 6.1.6, pp. 291 and 293]. Thus the canonical mor-
phism pr1 : ℜA′/k′(X
′)→ ℜA/k(X) satisfies the conditions stated in [2, §8.4, Definition 4,
p. 224]. To complete the proof, recall that those properties of morphisms of schemes that
are local for the e´tale topology on both the source and the target, such as smoothness,
carry over to the category of algebraic spaces, whence it suffices to check these properties
on a representable e´tale covering. For a detailed proof of this fact, see [2, lines 16–22,
p. 225] and [8, Remark 34.28.7, Lemma 55.22.1, Definition 55.22.2]. Since ℜA′/k′(X
′) is
a smooth and representable e´tale covering of ℜA/k(X), the latter is a smooth algebraic
space over k, as claimed. 
3. Proof of Theorem 1.2
We need
Lemma 3.1. Let B be a finite local k-algebra and let X be a smooth B-scheme. Then
ℜB/k (X) is a smooth k-scheme and there exists a canonical bijection
pi0(ℜB/k (X)) ≃ pi0(Xs),
where s : Spec k → SpecB is the unique geometric point of B.
Proof. Let f : SpecB → Spec k be the structure morphism. By Lemma 2.4, f∗X =
ℜB/k (X) is a smooth k-scheme. Let jX : X → s∗Xs be the canonical morphism of
presheaves of sets which corresponds to 1Xs via (2.1). Since f ◦ s = 1Spec k, we may
identify f∗(s∗Xs) and Xs. Then
(3.2) f∗(jX) : ℜB/k (X)→ Xs
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is a morphism of smooth k-schemes which induces a map pi0(ℜB/k (X)) → pi0(Xs). To
check that the latter map is indeed a bijection, we proceed as follows. Since s is a universal
homeomorphism, the closed immersion Xs → X is a homeomorphism. Now, for every
i ∈ pi0(Xs), let Xi be the corresponding connected component of X . Then {Xi}i is an
open covering of X whence, by Proposition 2.2, the k-scheme ℜB/k (X) is covered by the
open subschemes ℜB/k (Xi). Since f∗(jX) maps ℜB/k (Xi) into Xi, s, it remains only to
check that each k-scheme ℜB/k (Xi) is connected and non-empty. This follows from [3,
Proposition A.5.9] (note that the quasi-projectivity hypothesis in this reference is only
needed to guarantee the existence of the indicated Weil restriction, which in our case
follows from Proposition 2.2 above). 
Remarks 3.3.
(a) The map f∗(jX)
(
k
)
(3.2) is that which corresponds via (2.1) to the canonical map
X(B)→ X
(
k
)
= Xs
(
k
)
induced by composition with s.
(b) Remark 2.3 shows that the lemma fails if X is the (non-smooth) B-scheme Spec k.
See also [3, comment after Proposition A.5.9].
Let A be a non-zero finite k-algebra, let A = A ⊗k k and write Max
(
A
)
for the set
of maximal ideals of A. The set S (1.1) is in bijection with both Homk-alg
(
A, k
)
and
Max
(
A
)
. Below these sets will be identified. For example, in the formula A =
∏
s∈S As,
the elements of S are being regarded as maximal ideals of A.
Let X be an A-scheme, set X = X ×SpecA SpecA ≃ X ×Spec k Spec k and let XAs =
X ×SpecA SpecAs ≃ X ×SpecA SpecAs. We now describe the Γ -action on X in terms
of the Γ -actions on SpecA and the covering X =
∐
s∈S XAs . Let σ ∈ Γ and write σ
also for the corresponding k-linear automorphism of A = A ⊗k k. Note that σ permutes
the elements of S = Max
(
A
)
and induces an isomorphism of A-algebras As ≃ Aσ(s)
for every s ∈ S. By base change, we obtain a well-defined isomorphism of A-schemes
σs = σs,X : XAσ(s) ≃ XAs. Then the k-automorphism σX of X =
∐
s∈S XAs associated
to σ ∈ Γ is that which restricts to the isomorphism σs on XAσ(s) for every s ∈ S. The
preceding description applies, in particular, to X = SpecA.
Remark 3.4. Let the notation be as above and consider the canonical isomorphism
(3.5) HomA
(
SpecA,X
) ∼
→
∏
s∈S
HomAs
(
SpecAs,XAs
)
, u 7→ (us)s.
If u : SpecA→ X is an A-morphism and σ ∈ Γ , then uσ is the A-morphism σX ◦u◦σ
−1
SpecA
.
On the other hand, Γ acts on the set on the right in (3.5) via (us)
σ = (σs ◦ uσ(s) ◦ σ
−1
s ).
Then (3.5) is clearly a bijection of Γ -sets.
For s ∈ S, let Xs denote the fiber of X over the geometric point s : Spec k → SpecA
and note that this fiber can be identified with the fiber of XAs over the point s : Spec k →
SpecAs. Now let σs : Xσ(s) → Xs denote the morphism on geometric fibers induced by σs,X
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and consider the following composition of (3.5) with the map induced by base-changes
along the morphisms s : Spec k → SpecAs :
(3.6) HomA
(
SpecA,X
)
→
∏
s∈S
HomAs
(
SpecAs,XAs
)
→
∏
s∈S
Homk
(
Spec k,Xs
)
.
We define a Γ -action on the right-hand set in (3.6) by setting (us)
σ = (σs ◦ uσ(s) ◦ σ
−1
s ).
Then the preceding composition is a morphism of Γ -sets.
Assume now thatX is smooth. It follows from Lemma 2.4 that the sheaf ℜA/k(X)×Spec k
Spec k ≃ ℜA/k(X) is represented by a smooth k-scheme. We may therefore consider its
set of connected components pi0
(
ℜA/k
(
X
))
. Note that the stated isomorphism enables us
to define natural Γ -actions on ℜA/k
(
X
)
and pi0
(
ℜA/k
(
X
))
.
Definition 3.7. Let X be a smooth A-scheme. We define the Γ -set pi0(ℜA/k(X)) to be
the set pi0
(
ℜA/k
(
X
))
equipped with the natural Γ -action described above.
We can now prove Theorem 1.2:
The first assertion of the theorem is the content of Lemma 2.4. We now prove the second
assertion, regarding pi0
(
ℜA/k(X)
)
as a Γ -set via Definition 3.7. Recall that SpecA =∐
s∈S SpecAs and XAs = X×SpecASpecAs ≃ X×SpecASpecAs. Now, as in (2.5), Lemma
2.4 yields a canonical isomorphism of smooth k-schemes
(3.8) ℜA¯/k
(
X
)
≃
∏
s∈S
ℜAs/k
(
XAs
)
.
From the above isomorphism, [4, I, §4, Corollary 6.10 p. 126] and Lemma 3.1, we conclude
that there exist canonical bijections
pi0
(
ℜA¯/k
(
X
))
≃ pi0
(∏
s∈S
ℜAs/k
(
XAs
))
≃
∏
s∈S
pi0
(
ℜAs/k
(
XAs
))
≃
∏
s∈S
pi0(Xs).
Let
ψ : pi0
(
ℜA¯/k
(
X
)) ∼
→
∏
s∈S
pi0(Xs)
be their composition. It remains only to check that ψ is Γ -equivariant, where the Γ -
action on
∏
s∈Spi0(Xs) is induced by the Γ -action on
∏
s∈SXs
(
k
)
defined in Remark 3.4
(by the density of k-rational points on smooth k-schemes). By construction, ψ is induced
by the composition of (3.8) and the product of the canonical morphisms ℜAs/k
(
X
)
→ Xs
intervening in (3.2). Consequently, ψ lifts to the composition of the canonical maps
ψˆ : HomA
(
SpecA,X
) ∼
→ Homk
(
Spec k,ℜA¯/k
(
X
)) ∼
→
∏
s∈S
ℜAs/k
(
XAs
)(
k
)
→
∏
s∈S
Xs
(
k
)
,
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where the first isomorphism comes from (2.1) and is Γ -equivariant, the second isomor-
phism comes from (3.8) and the third map comes from (3.2). Further, it is clear that ψˆ
agrees with the Γ -equivariant map in (3.6), whence ψ is indeed Γ -equivariant.
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